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Optimization of Continuous One-Dimensional Structures
under Steady Harmonic Excitation
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To illustrate the minimum-weight design of one-dimensional, elastic structures under dynamic excitation,
methods from optimal control theory are applied to the cantilever bar driven sinusoidally by an axial force at its
tip. Other directly analogous problems are identified, and closely related cases are discussed along with practical
applications. Realistic constraints are enforced during the optimizations: maximum allowable stress amplitude
at any point along the bar and the minimum cross-sectional area. In the absence of damping, the design space
may contain many disjoint feasible regions, and multiple optima can exist. This novel feature is examined, first
by reference to a simple example with only two element areas to determine. Solutions are worked out in detail for
continuous bars, with the excitation frequency less than, then greater than, the fundamental free-vibration
frequency. The latter results overcome a limitation inherent in previous analyses. Above a certain excitation
frequency, two or more arcs with different constraints characterize the optimal designs; a concentrated tip mass
is also needed in some cases. Free vibrations of the optimal designs are analyzed. Background on the difficulties
of going to even higher frequencies than those covered by the exact solutions is covered by a discussion of
forced-response mode shapes, by reference to finite element results, and by a simplified two-design-variable
example.

I. Introduction and Summary of Previous Research

THIS paper examines some questions relating to the op-
timal design of continuous, one-dimensional structures

driven by harmonically oscillating loads. The subject matter
differs in two respects from most research being done in the
rapidly expanding field of structural optimization: (a) the
examples studied are subjected to dynamic excitation, without
limits on the frequency of the loading, and (b) the emphasis is
on continuous structural representation, so that differential
equations rather than finite elements are used in searching for
the optimum.

The time-dependent forcing produces distributed inertial
loads, which can have important effects on the solutions. Fur-
thermore, the possible resonances associated with sinusoidal
motion give rise to disconnected feasible regions in the design
space and to numerous local optima - phenomena that have
rarely received systematic attention in the past.

The use of differential equations naturally draws on the
calculus of variations as it has been extensively developed in
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the field of optimal control theory (see Ref. 1, Chapts. 2 and
3). These methods are applied here to illustrate some in-
teresting features that harmonic excitation introduces into
minimum weight design. The cases chosen are merely typical,
in that many other one-dimensional structures can be syn-
thesized in an analogous fashion.

With regard to related previous work, structural op-
timization has been an active field for nearly two decades. A
survey paper focused on continuous representations was
published by Sheu and Prager2 in 1968 and provides an ex-
cellent review up to that date. Two more recent symposium
proceedings, edited by Gellatly3 and Schmit,4 provide "state-
of-the-art" descriptions of the field. These three reports em-
phasized static loadings, whereas a survey paper by Pierson5

reviewed structural optimization in free and forced dynamic
environments; conditions that correspond to the topic of this
paper. As of 1972, Pierson states his conclusions that the field
is "still in its infancy" and that "there is a notable lack of
published work" in the forced dynamic response category. A
more recent review of this topic by Rao6 confirms that these
conclusions are still valid today.

The series of investigations most directly antecedent to the
present one are those of Icerman,1 Mroz,8 and Plaut.9 All
employ energy methods connected with Rayleigh's inequality
to design minimum-weight structures under simple harmonic
excitation. A common feature of their approaches is that the
forcing frequency is limited from above by the fundamental
natural frequency of the optimal configuration. Two con-
tributions of the present study are the removal of this
limitation and the imposition of conditions deemed more
realistic than those of Refs. 7-9 (see Sec. II). In addition, the
authors are not aware of previous results, in the structures
area, which successfully treated state variable inequality con-
traints with analytic methods.

Finally it should be recognized that most of the material in
the following section derives from portions of doctoral theses



DECEMBER 1976 OPTIMIZATION OF CONTINUOUS ONE-DIMENSIONAL STRUCTURES 1691

by two of the authors (Johnson10 and Rizzi11). Reference 10,
in particular, uses finite element structural representation and
computer searches based on mathematical programming to
find a variety of optimal one-dimensional structures subjected
to harmonic or random forcing. Both theses contain
numerous references to related works that could not be men-
tioned here due to space limitations. Most of these additional
references treat structural optimization either with free
vibration and aeroelastic constraints or with transient, as op-
posed to harmonic, loading conditions.

II. Statement of Focal Problem and Its Analogs
To introduce somewhat more realistic design criteria than

used in related previous investigations, the following example
is selected for study here: the cantilever bar in Fig. la un-
dergoes steady harmonic response to an oscillating axial load
at its tip. A limit is imposed on the maximum amplitude of
oscillatory stress a(x)eiuet, and a "minimum-gauge" con-
straint is placed on the cross-sectional area A ( x ) . The op-
timal area distribution is sought in the sense of minimum
volume (or weight). When the effects of transient response to
load startup can be neglected, this problem statement is
believed closer to what a designer would encounter than, for
example, the effective limitation on tip amplitude of leer-
man7 or the "minimum dynamic compliance" used by
Mroz.8

When writing differential equations and boundary con-
ditions for a continuum model of the bar, allowance is made
for a concentrated mass MT>0 at the tip. Under some cir-
cumstances, MT is required as part of the optimal solution,
but in vibration-isolation applications it might also represent
that portion of the isolated mass supported by the particular
mount being designed. In terms of the format favored in op-
timal-control theory, the problem can be written in dimen-
sionless terms:

minimize a quantity proportional total bar weight,

J=aT +

subject to a stress constraint,

\ a(s)ds,J o

a minimum area constraint,

(1)

(2)

(3)

(4)

(5)

In terms of the dimensional parameters u, E, p, amax, and
P (which are, respectively, the axial displacement, Young's
modulus, structural density, the maximum allowable stress
and the applied tip load) the dimensionless quantities in Eqs.
(l)-(5) are defined as follows

v(s)=u/?

a(s)=A amax/P

aT = MT amax/p£P

(6)

and the steady-state differential equation

( d / d s ) [ a ( s ) ( d v / d s ) ] + 2 c t 2 a ( s ) v ( s ) = 0

with the boundary conditions

v(0)=0

b) FINITE ELEMENT REPRESENTATION'

Fig. 1 Two idealizations of a cantilever, elastic bar of length I, ex-
cited in axial vibration by a sinusoidally varying force at the free end.
A concentrated mass MT may be attached at the tip. For finite-
element modeling, the bar is divided into n uniform segments of equal
length.

Note that the dimensionless area parameter <5 of Eq. (3)
couples the minimum allowable area, Am-m, with the stress
limitation and the amplitude of the applied tip force. Fur-
thermore, perhaps it should be stressed that the non-
dimensional tip mass, aT, appears in the "cost function" of
Eq. (1) as a discrete control variable.

In preparation for an attack by the methods of optimal con-
trol theory, one must express Eq. (4) in the "state vector"
form of a pair of first-order equations. The definitions

x2=a(dv/ds)

thus leads to

x}=x2/a

x2 = -2a2axj

The boundary conditions and constraints are

xj(0)=0

x2(l)-(3-2a2aTxI(l)=0

\x2\/a-!3<0

-a(s)+l/d<0

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

Two other structural configurations occur in vibration
isolation, force transmission, and related technologies, whose
design for minimum weight is mathematically analogous to
the bar. These are the thin-walled cantilever rod undergoing
torsional excitation at its free tip and a stubby cantilever beam
whose lateral displacements are governed by its shear rigidity
(seeRef. 12).

III. The Question of Multiple Feasible Regions
In his comprehensive illuminating study of minimum-

weight frames subjected to transient dynamic excitation,
Cassis13 concludes: "It was found that the design space may
have disjoint feasible regions that are due to the sinusoidal
contributions to the dependence of the dynamic response
functions on the design variables. This fundamental and im-
portant characteristic had not been anticipated, nor was it
previously recognized in the structural optimization
literature." The authors believe the class of problems treated
here to be unique in its involvement with such multiple,
disjoint feasible regions. In fact, there appear to be
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denumerable infinity of regions, each associated with an ex-
citation frequency ue that falls in the range o > / < w e < o > / + 7 ,
where co/ is the /th free-vibration frequency of the corre-
sponding optimal bar, rod, etc. The design space of the con-
tinuous bar is an "infinite-dimensional" function space, and
it is somehow characterized by insurmountable "barriers"
between feasible regions, along which resonant response oc-
curs near each a) e = co /.

Earlier solutions have avoided this difficulty because their
requirement that coe<co/ eliminates the ambiguity. Although
optimality criteria like those of Icerman7 and Mroz8 do seem
to be both necessary and sufficient for the "absolute
minimum" designs thus produced, this is accomplished at the
price of ruling out other possible superior designs that meet
all the stated conditions other than ue<u1. The methods of
variational calculus adopted here are admittedly weaker in
that it is harder to examine the sufficiency or "globality" of
the solutions obtained from the necessary conditions they fur-
nish. Yet they yield satisfactory, practical designs that are
clearly local optima and that tempt an engineer to postpone
the detailed examination of sufficiency.

Johnson10 studied a case, with just two design variables,
that illustrates the situation simply and graphically. Slightly
modified to conform with the problem in Sec. II, it consists of
a bar with two equal-length segments of areas at (near the
cantilever root) and a2 (near the tip). It is driven at the tip by
force Pe^e*; a} and a2 are to be selected for minimum weight,
with specified minimum gauges and constraints on maximum
allowable stress amplitude. Starting from differential
equations of the uniform bar in each segment, the problem
can be solved exactly. The straightforward mathematical
details are omitted here.

Figures 2a and b depict design spaces for the two-segment
bar at two values of the forcing-frequency parameter a from
Eq. (6). Feasible portions of these spaces are left unshaded;
total weight (proportional to aj+a2) is constant along the
45° sloping lines used to shade the infeasible regions. The
required minimum areas are aj=a2 = 0.2. Evidently, a 50%
increase in a has moved the "global optimum" from the ver-
tex of the right-hand region to that of the second region in the
upper left-hand corner. Furthermore, the proportions of the
minimum-weight bar have changed radically, from one
having nearly uniform cross section to one with a thick tip sec-
tion and a minimum-gauge root.

The explanation of this behavior is to be found by studying
the dimensionless vibration eigenvalues a/ = w/{Vp/2£, / = 1,
2, of the system. In Fig. 2a, the designs with the fundamental
otj equal to a = 0.707 can all be shown to lie on the dashed
straight line

a / =0.198 a 2 (15)

It proceeds through the middle of the infeasible region and
constitutes the "maximum of infeasibility," because along it
the resonant response is unbounded. Below this line, a />a
and conversely; each of the associated feasible regions clearly
offers its own optimum.

By an extension of the work of Segenreich and Rizzi,14 it
can be proved that segmented cantilevers modeled in this
fashion have bounds on their eigenvalues. In the present case
of two equal segments, these limits are

(i-l)-v
V2

ITT (16)

for • / = 1,2,3,.... It follows that there will be two feasible
regions for each nonzero excitation frequency. (In the static
case, a = 0, the fully stressed solution is the single optimum.)
Both situations graphed in Fig. 2 therefore permit two
regions.

In principle, the foregoing line of reasoning can be ex-
tended to one-dimensional discrete models with an arbitrary

6.0

2.0

2.0

a) rt-V3/2 b)

Fig. 2 Illustrating the feasible design spaces (unshaded) for a simple,
two-element bar forced from its tip at the two indicated values of
dimensionless frequency a; a/ and a2 are dimensionless areas adjacent
to the root and tip, respectively.

number of segments. It also motivates the hypothesis of a
denumerable infinity of local optima for continuous struc-
tures. More details are given in Ref. 14 and in a recent paper
by Johnson. l5

It might be supposed that the disjoint design space results
from the omission of any structural damping, and this is
strictly true. When damping is provided, the infinitely high
"ridges" disappear and the infeasible regions no longer ex-
tend to infinity. However, even with unrealistically high
amounts of structural energy dissipation, it is found10 that
many "pockets of feasibility" remain in the unified design
space. The basic problem of singling out a global optimum
from several local candidates persists.

IV. Optimization of the Continuous Bar
As set forth, for instance, in Sees. 2.4, 3.8, and 3. 12 of Ref.

1, necessary conditions for a minimum of J in Eq. (1) under
the constraints and boundary conditions (7)-(14) may be con-
structed from the Hamiltonian

—ct
--a (17)

'

Here X, (s), /x, (s) are Lagrange multipliers that introduce the
respective constraints factored by them and a(s) is the "con-
trol variable."

By setting the variations of J with respect to a, the state
variables xh x2, and possibly aT equal to zero, the "control
equation" and the equations for the adjoint variables are ob-
tained

(18)

(19)

(20)

If aT (i.e., MT) is not prescribed to be a constant or zero, a
special boundary condition

X7 sgn (x2)

l-v12a2x1(l) -J>2 = < (21)

arises, where v} and v2 are constants, to be determined. From
integrations by parts in the variational process, the following
additional boundary conditions are found

\2(0)=0 (22)

(23)

(24)
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Finally, the nonnegativity conditions on the multipliers are

CO , if \x2\/a<0

0, if \x2\/a = fl

CO , if l/d<a

0, if l/d = a

CO , if aT>0

0, if aT = 0

(25)

(26)

(27)

Equations (21) and (27) should be disregarded when aT is not
part of the optimization.

First-Mode Solutions (a < a 7)
When the forcing frequency is less than the fundamental

frequency of the optimal design, it is easily seen that the entire
bar must respond in phase with the applied load

0<s<l (28)

The tip mass will at first be omitted, as will the minimum-
gauge constraint (14), for reasons that will become apparent
later. It is hypothesized that the optimal design is "fully
stressed" over a region or arc near the tip, with the stress con-
straint relaxed inboard, i.e.,

(29)

where 7 is a temporarily unknown matching point.
The solution is now obtained by solving Eqs. (7)-(14) and

(18)-(25) separately in each of the arcs and then applying con-
tinuity conditions to find 7 and the constants from the in-
tegrations. The complete details of this rather difficult
solution are given by Rizzi. n For given values of a and /3, the
solution for 7 is found by numerically solving the tran-
scendental equation

where erf is the error function and

sinh(VIcry) cosh(VIcry)
C2=- VI

I =/3 tanh(VIa:7)/VIa!

and

(30)

(31)

(32)

(33)

When a < 1.0908, this calculation shows that there is no
junction point within length 0<7< 1 of the bar. For larger a,
the single meaningful root thus obtained is plotted in Fig. 3. It
starts from 7 = 0 with infinite slope d7/do; and tends asymp-
totically to 7 = 1.

Because of the manner in which P and amax enter the
problem statement, a single-parameter family of solutions
emerges. Five typical dimensionless area distributions a =
Aom^/P are plotted in Fig. 4, for values of a. increasing from
the static a = 0toa = 1.5 where nearly half the bar is not stress

a
Fig. 3 Matching point s = y between the unconstrained and fully
stressed arcs, plotted vs frequency parameter « for the first-mode

ens.

constrained. Up to a = 1.0908, however, the often-
hypothesized, fully stressed design is indeed optimal. This
range of excitation frequencies may often be quite wide; for
instance, it applies for aluminum bars up to about
coe = 3 x 105/f rad/sec, where £is in inches. (For shear beams
and rods in torsion, the limiting frequency can be much
lower.)

The area distribution of these designs may be summarized
as

exp
2a2

.exp(a2(7-s) [2t-
(34)

When Eq. (34) is integrated over the length, the following
dimensionless weight (or volume) results

-rJ 0
a(s)ds =

Via
cosh(VI cry)sinh(VI 0:7)

exp[tanh2(VIa7)/2]

(35)

Equation (35) is plotted versus a. in Fig. 5 and compared, in
the higher range, with the corresponding fully stressed
designs. Although the separation between the two is not
significant until a exceeds approximately 1.5, nevertheless the
rapidly rising weight of both leads one to suspect that better
designs might be discovered than these, requiring as they do
large amounts of material to force o;/ to exceed ooe.

Note, from Fig. 4, that over their entire length the dynamic
solutions display areas larger than what would withstand the
same force applied statically (a = 0). This explains why no
minimum-area constraint seemed necessary for the first-mode
analysis.

Second-Mode Solutions («>«/)
As discussed further in Sec. V, the response of the bar in the

frequency range a?/ < ue < u2 must be in antiphase with the ap-
plied load, i.e., x/ (s) <0, except possibly in a small region
near the tip. It can then be reasoned that a tip mass may be
required (aT^0) to satisfy boundary condition (12). It
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0 0.2 0.4 0.6 0.8 1.0

x/i
Fig. 4 Dimensionless cross-sectional area distributions of the first-
mode optimal designs, plotted vs distance along the bar for five values
of frequency parameter a.

12.0

PI

I I

OPTIMAL

FULLY STRESSED

a
Fig. 5 Dimensional total weight (or volume) of the first-mode op-
timal designs as a function of a. Above a = 1.0908, the fully stressed
design is shown for comparison.

definitely proves necessary to enforce the minimum-gauge
constraint (14) to avoid a tendency toward vanishing area at
the point of zero slope in the response mode */ ( s ) .

Without reproducing all mathematical details (see Ch. 4,
Ref. 11), one determines that the optimal solution consists of
two arcs: stress constraint active in 0<s<7 and minimum-
area constraint active in 7<s i<l. Its characteristics are
worked out (as above) by first solving in the two ranges
separately, then fixing several unknown constants by trial-
and-error matching of transcendental relations at s = y. Since
aT is retained in Eq. (12), its optimal determination becomes
an organic part of the process.

Figure 6 displays the resulting values of 7, plotted versus a.
for a wide selection of minimum-gauge parameters
6=PA4minamax. For too large a. values, at any given 6, the
Lagrange multiplier /*2 is no longer positive throughout the
entire tip arc. This limitation is expressed by the broken line in
Fig. 6. Its onset indicates that more than two arcs are needed
in the optimal design - a situation discussed subsequently.

0.2 —

Fig. 6 Matching point s = y between the fully stressed and minimum-
area arcs, plotted vs a for the second-mode designs at eight values of
parameter 5.

With 7 specified, the dimensionless area distribution is

(36)

7/6, 7

whereas the tip-mass parameter is

2a. (1— 7) ] - V^7 asin[V2a (7 — 7) ]
cos[V2a(7 —7)]

(37)

From Eqs. (36) and (37), one may compute the total weight
parameter

_V^r_
d\2al

V5a (sin [Via (7 - 7) ] + V2«7 cos [V2cx (7 - 7) ] }

(38)

Figure 7 plots the optimal a (s) (and aT on the right-hand
scale) for two 5 values and a = 1.0, 1.3. Perhaps more in-
teresting are the Fig. 8 data on dimensionless total weight, Eq.
(38). Here the first-mode curve from Fig. 5 is also reproduced.
When a. < 0.63, the latter proves superior to any possible
second-mode solution. At higher forcing frequencies, on the
other hand, a selection of designs with w/ < o>e is available that
can save substantial weight.

A surprising mathematical feature of the second-mode
solutions is the discontinuous behavior of Lagrange
multipliers /*/ and /x2 at the matching point 5 = 7. An error
was first suspected with the discovery that /*/ drops from a
finite positive value to zero when passing outboard across
5=7, whereas /x2 jumps from zero to just the size needed to
make H and dH/da, Eqs. (17) and (18), properly continuous.
It was subsequently observed that the last two terms in Eq.
(17) might as well have been written
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0.2 0.4 0.6 0.8 1.0

x/i
Fig. 7 Dimensionless cross-sectional area distributions of the
second-mode optimal designs, plotted vs distance along the bar for
two values each of a and 6. The corresponding dimensionless tip
masses a T are indicated on the right-hand ordinate.

and might have been interpreted as a single adjoined con-
straint of the general form

The discontinuity in /* itself is then found to disappear. At
s=7, there are slope discontinuities in n(s), a ( s ) , and the
function /, but such phenomena are acceptable and often en-
countered in control-theory applications.

V. Normal Modes of the Optimal Designs:
Relationship Between Forced and Free-Mode Shapes
Further examination of the free and forced motions of the

continuous bar is useful, both to interpret the foregoing
results and to assist with speculation as to how they might be
extended. From Eqs. (4) and (5), one sees that the /th normal
mode and frequency must satisfy

(39)

(40a)

(40b)

subject to the boundary conditions

ds
= 2a2aTui(l)

If a variable change t = as is performed and the fully
stressed area distribution (a < 1 .0908)

(41)

is inserted into Eqs. (39) and (40) one is led to the equation
and transformed boundary conditions

j 7 J..

, = 0 (42)

dt
QT

{ ' a ( a )

where

(43a)

(43b)

(44)

2.5

1.5

— — FIRST MODE

——— SECOND MODE

1.0
a

2.0

Fig. 8 Dimensionless total weight (or volume) of the second-mode
optimal designs as a function of a and b. The first-mode curve from
Fig. 5 is shown dotted. To the right of the dash-dot line, the two-arc
solutions of Sec. IV are no longer optimal.

Equation 42 is solved by nonintegral Hermite functions
(see, e.g., Ref. 16, p. 322). As worked out in Ref. 11 (Chapt.
4), condition (43a) eliminates one of the two independent
solutions, whereas Eq. (43b) (for ar = 0) yields the charac-
teristic relation

o-i i (45)

Only if oij>(x can Eq. (45) be satisfied, since otherwise every
term in the summation would be positive.

In Fig. 9, a ]9 a2, and a3 are given as functions of a for the
first-mode optimal bars. These numbers were estimated from
Eq. (45) for a < 1.0908 and computed numerically from Eqs.
(39) and (40) at higher forcing frequencies. One observes the
anticipated behavior, ever-heavier bars being forced in-
creasingly closer to resonance with the fundamental mode as
a becomes unnaturally large for these first-mode designs.

In Ref. 1 1 (Chapt. 4), a similar calculation is carried out for
the second-mode bars. Some results for the first two natural
frequencies appear in Fig. 10, with the minimum-gauge
parameter chosen as 6= 10. In this example, it is seen, as ex-
pected, that the forcing frequency always falls between the
fundamental coy and the first harmonic co2. As in Fig. 9, there
is a tendency with increasing a for the "optimal" natural
frequencies to be driven away from the resonance line. But
here the undesirable asymptotic convergence of a. to a2 would
not set in until the former approached twice the magnitude
covered by the Fig. 10 calculations.

Curiosity impels one to investigate not only the behavior of
the second-mode solutions to the right of the limit in Fig. 8
but also what might happen in ranges « / < « < « / + / , where
/> 1. Considerable light can be thrown on such questions by
means of a modest extension of the Sturm-Liouville analysis,
which determines the relationships between the forced mode
shapes u ( x ) and their adjacent normal modes Uj(x). An ex-
cellent summary of the normal mode analysis is given by Mor-
se and Feshbach. 17



1696 JOHNSON, RIZZI, ASHLEY, AND SEGENREICH AIAA JOURNAL

7.0

0 1.0 2.0 3.0 4.0 5.0

a
Fig. 9 First three dimensionless natural frequencies of the first-mode
optimal designs, plotted vs a.

a
Fig. 10 First two dimensionless natural frequencies of the second-
mode optimal designs, plotted vs a.

Using their approach, Rizzi11 (Chapt. 4) proves that the
zeros (if any) of u(x) are bracketed by the nodes w, = 0 of
those normal modes whose frequencies bracket the forcing
frequency ue. This finding is illustrated in Fig. 11 for the first-
and second-mode optimal designs. Since Uj (x) has no nodes
and zero slope at its unloaded tip, the first-mode response
must also be entirely above the x axis. Its positive tip slope is
necessary to counterbalance the effect of the applied
oscillatory force.

FIRST MODE

POSSIBLE SECOND
MODES

Fig. 11 Qualitative relationships between: 1) the first two normal
mode shapes of a cantilever bar, and 2) possible first- and second-
mode forced response amplitudes u(x) due to tip excitation.

As for the second-mode solution, whose frequency falls in
w/ < ue < co2, it. may have zero or one node, but the latter must
fall closer to the tip than the single node that u2 (x) has to
have.17 This relationship is shown in Fig. 11, as is another
fact proved by Rizzi: the second response mode u(x) must
start from x = 0 with negative slope and therefore remain
below the x axis until outboard of the node location. If this
mode has zero nodes, its tip slope may be positive (as in Fig.
11) or negative. Incidentally, this last observation explains the
need for a tip mass as part of all the second-mode solutions
worked out quantitatively here.

VI. Higher Mode Solutions
The foregoing offers a key to the difficulties that may be

encountered when seeking optimal designs for the continuous
bar at higher frequencies. Since each normal mode shape
Uj+i (x) is known to have one more node than its predecessor,
the forced-response mode shapes will also be progressively
more sinuous. Thus, for co2 < ue < W3» there will be one or two
nodal points; for u3 <ue< u4> there will be two or three, etc.
This has the effect that the optimal solutions will be composed
of increasing numbers of differently constrained arcs, with in-
creasingly complicated algebraic manipulations demanded by
the matching of their various properties at the points of junc-
tion. To illustrate, for a > 1.0908, the first-mode solution of
Sec. IV consists of a fully stressed arc outboard of an un-
constrained arc. Its corresponding u(x) consists of a rec-
tilinear segment outboard of a hyperbolic-sine segment, so
that du/dx grows monotonically from root to tip; obviously
no node would be possible. The second-mode solution is a
minimum-area arc outboard of a fully stressed one, i.e., a sine
curve matched to the end of a straight line.

Both confirmation of the foregoing results for the con-
tinuous bar and evidence of the behavior for higher values of
a have been obtained by the use of finite element ap-
proximations. Rizzi11 coupled a finite element model of the
axially forced bar with an efficient optimality criterion
algorithm to determine finite element approximations to the
optimal thickness distributions. (See Ref. 11 for several
calculations that confirm Fig. 3-8.) Figure 12 plots a second
mode a distribution computed with 20 constant property
elements of equal length (see Fig. Ib). The parameters used in
Fig. 12, a=2.0 and 6=10 (amin=0.1), fall well out of the
range where the two arc continuum solutions of Sec. IV are
optimal (see Fig. 6). The dimensionless weight of 0.342 does,
however, appear to lie roughly on an extrapolation of the
curve in Fig. 6. There is an outboard mass concentration in
this design, but the indication is that an actual tip mass is no
longer required for optimality at this high a value. Plotted in
Fig. 13 is the response mode u(x) corresponding to the area
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Fig. 12 Finite-element optimal solution for n = 20, a = 2.0, and 5
= 10.

1-0 X/l

Fig. 13 Mode shape of forced response for the Fig. 13 design
(meaning of segments, A, B , etc., discussed in text).

distributions of Fig. 12. As well as can be determined from
this discretized solution, this is a case of three matched arcs.
Over the segment marked A, u(x) is a perfectly straight line
with the stress constraint active. The elements between
(x/Q = 0.45 and 0.75 are at 0min so that in the arc ap-
proximately defined by C, the minimum-gauge constraint ap-
plies and u(x) has the expected sinusoidal shape with a
maximum deflection at Jt/£=0.75. Neither constraint is active
on arc D, but the length is too short to ascertain whether u (x)
is behaving like the hyperbolic functions encountered in the
unconstrained arcs of the first mode solutions of Sec. IV.
Finally, the single elements B', C", and A' are arbitrarily
designated as matching zones plus a zone for adjustment to
the tip boundary condition. They would be expected to shrink
to points for an infinite number of finite elements.

It is clear that if the continuous bar corresponding to Figs.
12 and 13 were sought, three arcs would have to be specified.
The matching point locations yj and y2 would be among the
10 or more unknowns to be found from a set of tran-
scendental matching relations. The authors are not yet in a
position to say whether an analytical solution to this nonlinear
system exists. In any event, a very tedious calculation would

be called for, and one reluctantly concludes that some
numerical technique, whether it be finite element or a
numerical integration scheme, is the "path of least resis-
tance." With regard to numerical integration, a recent paper
by Ohlhoff18 develops methods for the optimization of beams
with respect to higher order natural frequencies that are
almost directly applicable to this problem. Ohlhoff treats the
matching points as additional control parameters in the deter-
mination of the optimal area distributions.

Finally, the behavior of the higher mode solutions over the
entire range of excitation frequencies, 0<a<oo, can be
studied by the use of another two-design-variable example
shown to the authors by Prof. A. E. Bryson. In this example,
the dimensionless variables used are a constant area rod, a,
with an attached tip, mass, aT. The problem statement of Sec.
II remains unchanged except that the cost function of Eq. (1)
is now simply a + aT. As proved by Rizzi,n the optimal
solution with this formulation is the minimum of two possible
designs

a= lsecV2o:l aT =

2) a = aT=-
1 + 1/5 cos\f2a sgn(sinV2cp

lsinV2al

(46)

(47)

The volumes of these two alternatives are plotted in Fig. 14,
along with the corresponding variable area results from Sec.
IV. It is seen that the two-design-variable case furnishes a
good approximation to the more complicated variable-area
result; in fact, it provides a useful upper bound in the search
for variable area optima.

For the two-design-variable case, the Eq. (46) solution,
which is designated "type one" and has no tip mass, is seen to
be optimal for the lowest values of a. This corresponds to the
"first mode" results of Sec. IV. At a = 0.75, the second type
of solution, i.e., a minimum area rod with a non-zero tip
mass, becomes optimal, corresponding to the "second mode"
results of Sec. IV. At a = 2.0, the first type again takes over. It
roughly corresponds to the finite-element solution of Figs. 12
and 13, where apparently no tip mass is required. Above a =
2.5, the second design is optimal, with the excitation frequen-
cy greater than the first two natural frequencies, oi2<oi<oi3.
In the terminology of Sec. IV, this is a "third mode" solution.

If the designs of Eqs. (46) and (47) were plotted for even
higher values of a, it would be seen that this switching from
one type of solution to another continues, resulting in a
scalloped pattern for the optimal volume as a function of ex-
citation frequency. The authors would like to suggest that a
similar pattern would appear for the variable area rod if the
curve of Fig. 8 could be extended to higher a's.

VII. Discussion and Conclusions
Although this paper deals primarily with exploration of the

current limits of function-space optimization as related to
one-dimensional elastic continua, the question of practical ap-
plications needs to be addressed. In seeking them, one turns to
structures intended for dynamic force transmission,
vibration, isolation, and shock mounting. In many earth-
bound devices, the motivation toward saving weight hardly
exists, and designers may be expected to stick, as in the past,
with uniform rods, beams, bars, etc. Not so for aeronautical
and space vehicles, where every newton of weight may count.
There are other surface and marine transportation systems
where weight minimization may be required; submarine
propeller shafts are an obvious possibility.

To be rigorous, the present designs seem limited to the
following circumstances:

a) The applied tip force or torque is transmitted from its
source through an essentially massless medium, like a soft
spring.

b) Sinusoidal loads predominate over any starting or stop-
ping transients.
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0.0 . 1.0 2.0 3.0 a"

Fig. 14 Comparison of optimal dimensionless weights (or volumes)
obtained with variable and constant cross-sectional area, 6 = 5.

c) The internal stresses due to any static loadings are out-
weighed by the dynamic stresses.

These conditions do not occur together in many practical
situations. On the other hand, b and c often apply to a shear-
beam or torsional vibration isolator, which supports an
engine or machine tool containing some reciprocating source
of excitation. In "soft mounting," some very large vibratory
stresses may be superimposed on the essentially static stress
due to the weight and/or they may be in another direction.
Then it appears that the present designs might be used, with
only the addition of a prescribed tip mass MT. So far as the
mathematics is concerned, such a modification is almost
trivial.

This suggested extension is one of several that come to
mind, wherein continuous structures are involved and the
methods borrowed from optimal control theory retain their
potency. Other boundary conditions such as simple support
may be invoked. Distributed external loads are encountered
nearly as often as concentrated ones. There are tractable
examples, such as thick-walled or solid rods, where the design
variable does not enter certain equations linearly, as a (s) does
here. Finally, the fourth-order differential equations that
govern beamlike structures may also be successfully tackled,
albeit numerical integration then becomes inevitable.

Some direct conclusions from what has already been done
areas follows:

a) Variational calculus techniques, as adapted from the
automatic control literature, provide a valuable tool to design
one-dimensional structures under certain classes of dynamic
loading. Although not as effective as, e.g., energy methods in
providing sufficient conditions for global optimality, they
enable one to penetrate barriers like that which hitherto
limited w e< co7.

b) The natural frequencies of the structure play a central
role in creating many local optima and, in the absence of dam-
ping, multiple feasible regions. Since there are no a priori
ways to identify the global best design, solution methods must
be capable of finding and computing more than one.

c) It is often necessary to specify minimum-gauge con-
straints to ensure meaningful optima.

d) A concentrated mass must sometimes be included in a
design to satisfy a boundary condition, although it is not felt
that they will be required at interior parts.

e) When more than two different constrained arcs charac-
terize the optimal solution, the continuum approach may be
impractical. This remains a challenge for the future. Finite-
element approximations then offer the only alternative.
Special care must be taken both in modeling and in the op-
timal search; frequency-range constraints will be needed to
isolate various local optima associated with higher forcing
frequency.
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